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� [8v�v�Y!w�]�[DZr�ht_Z\�BRp�\z��\[8v������r�M���E�h�@���E�r D¡M¡h��¢p£I�p¤�¥8�E¦S�S�P£�§I�E¨�©p D¨Mª�«�¬�8ª
¯®�°!±�²F³\´D± ��U¬Z�z��\t_wSRpv�z�t���^_YDoEµY4]\v�Y!w�Y�Z8zSR¶�8RD·BY$z��\Y�[8v�|"¸rRDw�Y!�"~�vxRp·¹Y!µ[Dv�ºIo�ZrRD·BYE�

»8¼p½¹¾�¿"À�¾�ÁÃÂ@ÄpÅ�Æ o8~�[8v@·¹[h�hY!^{^_t_Z\�Ç¸\t_[D^_[D�8t_�!Rp^\t_Z8z�Y!v�R8�Èz�t{[8Zrw�`$É¶~Êz�Y�v�t{ZMz�v�[h�h�r��t_Z\�,z��\Ysz��\Y�V
[Dv�|DobµY/·¹[8v�Y¯]rv�YE��t�wyY!^{|Ë�hY!w���v�t_¸�Y}z��\Y/·¹Y�z��\[h�\[D^_[D�D|Ìz�[Ì·¹[h�hY�^�¸\t_[D^_[D�Dt���RD^@t_Z8z�Y�vxRD�ÈV
z�t_[DZrw!`¯Í��\Y!ZÎµY}Rp]\]\^_|lt{z,z�[Ïz��\Y}�4^�RDw�·Bt_Z\[8�DY�ZÎÉ¶�Èz�t_uFRpz�[8vÇwy|hwyz�Y!·ÑÐ��ÒÉ#wxÓ�µ¶�\t��x�Ît_w
RÔwyt_�DZ<Rp^�z�vxRpZrw��h�r��z�t_[DZÕ]rRFz��Mµ�R�|Ët_ZMuD[8^{uDYE�ft{ZÖ��RDZr��Y!v¹��Y�^_^�·¹t_�DvxRFz�t{[8ZO`ÕÍ��\YÏ�8Rp·¹YEw
Z\Y�zXµ[Dv�º�z��\Y![Dv�|�Y�×�z�Y�Z<�\w,�MRp·¹YBz��\Y�[Dv�|l¸M|Ìt{Z<��^_�r�ht_Z\�Ïz��\Y}^{[h�!Rp^_tØzX|l[p~�t_Z8z�Y!v�R8�Èz�t{[8Zrw�`
�@RD�x���8Rp·¹Y,t_Z�RÙ�8Rp·¹YEw�ZrY�zXµ[Dv�º¯v�Y!]\v�Y!w�Y�Z8zxw�^_[h�!Rp^Ot{ZMz�Y!v�R8�Èz�t_[DZ<w�¸�Y�z¬µ�Y�Y�Z�¸rt{[8^{[8�Dt���Rp^
Rp�DY!Z8zxw�`4Í��\Y,�ÒÉ#w#w�|�wyz�Y!·Út_w¶t_·¹]\^{t���Rpz�YE�/t_Z���|Mz�[MwyºDY!^{Y�z�[8Z/·¹[h�ht{Û<��Rpz�t_[DZrw�u�t�RBv�Y!�D�\^�RFV
z�t_[DZÏ[p~$R8�Èz�t{Z�RpZr�6·Bt���v�[pz��\¸\�\^_Y!w!ohµ¶�rt_�x�Ït{Z6z��\v�Z6~ÜR�uD[Dvxw���Y!^{^O·¹t_�DvxRFz�t_[DZ�`bÍ��\Y,�8Rp·¹YEw
Z\Y�zXµ[Dv�º�·¹[h�hY!^\�rR8wbY�ZrRD¸\^_Y!�B�rw@R�¸�Y�z�z�Y!v4�\Z<�hY�vxwXzxRpZr�\t{Z\�,[D~�z��\Ysv�Y��8�\^_Rpz�t_[DZBt_ZMuD[D^_uDY!�
t{Z6z��\Y,�ÒÉ"wsw�|hwXz�Y�·Ï`

Ý�ÞMßÒà2á ²Fâ�° �ãW�Rp·¹Y!wÏäsY�zXµ[8v�ºhw!o"W�RD·¹YÔÍ��\Y�[8v�|8o � Y!^{^_�\^�RpvÏT�t_�DvxRFz�t{[8ZOo"å�t_�DZ<Rp^
Í�vxRpZ<w��h�r��z�t_[DZOoh�4^�RDw�·¹t{Zr[D�DY!Z6É¶�Èz�t_uFRpz�[8v¶w�|hwXz�Y�·Ï`
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å�|hwXz�Y�·Ùw$¸\t_[D^_[8�D|Ç��[8Zrw�t_wyzbt{ZÙR��D^_[D¸rRD^hRpZ<Rp^_|�w�t�wSz�[�z�v�RDZrwX~�[8v�·ð^_RDv��8Y��\RFzxR�w�Y�zxw�o8��[8·Bt_Z\�
~�v�[8·��\t{�8�¯z��\v�[D�\�8�\]\�hzÇÐ�]�[MwXz�V¬ÓX�DY!Z\[D·¹t���w�o�t_Z8z�[¹º�Z\[�µ¶^_Y!�\�DY�t{Z6[8v��\Y�v�z�[Ù��[8·B]rv�Y!�\Y�Zr�
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z��\Y��[8·¹]\^{Y�×htØzX|"[D~�^_t_u�t{Z\�s[8v��MRpZ\t�wy·Ùw!`ÒU:zSt_w��rwyY!^{YEw�wÒz�[#]<[8t_Z8z�[8�hzOz��rRFz���[8·¹]\�hz�Y!v�¸rRDw�Y!�
RpZrRD^{|hw�t_w�t�w4��Y�ZMz�vxRp^ht_Z2z��\t�wb]\v�[\��Y!w�w!`Sòs[FµY�uDY!v!oFz��rYsRD�huFRDZr��Y�t{ZÙwy|hwyz�Y!·¹w$¸rt{[8^{[8�D|Ç�\[�Y!w
Z\[pz"·BY!v�Y!^{|/v�Y�^_|/[DZÏz��\Y���[D·¹]\�hz�t{Zr�}]�[�µ�Y�vEor¸\�hz�Rp^�w�[Ù[DZÏz��\Y2R8�huFRpZ<��Y,[p~b¸rt{[8^{[8�Dt���Rp^
��[D·¹]\�\z�RFz�t{[8ZrRp^Ò·¹[h�hY!^_w!`

�r[h���rw�w�t{Z\�2[8Z¯·¹[D^_Y!���\^_RDv�t{ZMz�Y�v�]\^�RE|hw!oMZrY�zXµ[Dv�º¹v�Y�]\v�Y!w�Y�ZMz�RFz�t_[DZ}t�w��rw�Y!�/RDw�R�]\v�t{uMV
t{^_Y��8Y!�Ùz�[h[D^<z�[B�hYEw���v�t_¸�Y"RDZr�¯RDZrRp^_|hwyYsz��\Y�t_Z8z�Y!v�R8�Èz�t{[8Zrw�`�U¬Z<�hY�YE�Òo�ZrY�zXµ[Dv�º¹v�Y!]\v�YEwyY!Z8zxw
RÏµ¶t��hY}uFRDv�t_Y�zX|l[p~¶v�Y��8�\^�RFz�t{[8Zrw,wy�<���óRDwÇ�DY�Z\YEw,v�Y��D�r^_Rpz�t_[DZOoS]rRFz��Mµ�R�|Ìw�t_�DZrRD^{t_Z\��RDZr�
·BY�z�RD¸�[D^_t_w�·ôv�Y!R8�Èz�t{[8Zrw�`�õ�Y�|8[DZr��z��\Y�wXzxRFz�t��bv�Y�]rv�YEwyY!Z8z�Rpz�t_[DZ�[p~\t{ZMz�Y!v�R8�Èz�t_[DZ<wO�hYEw���v�t_¸�Y!�
¸M|/Z\Y�zXµ[8v�ºhw!oht_Zh~�[Dv�·¹Rpz�t_[DZ<w�v�Y!^_Rpz�YE�¯z�[¹z��\YÇ�\|MZ<Rp·¹t_�!w¶·��rwXz#¸�Y,t_Z8z�Y��8v�Rpz�Y!�/t_ZÏ[8v��\Y�v
z�[/·¹[Dv�Y�t{Z\V:�hY!]hz��Ì·B[\�hY�^Sz��\Y2t_Z8z�Y�vxRD�Èz�t_[DZrw!`�Í��\YB�x�rRp^_^_Y�Z\�DY2�!RpZl¸�Y2·B[8v�Y�]rv�YE��t�wyY!^{|
wy]�YE��t{ÛrY!�Ùµ¶t{z��\t_ZÙz��\Y�w���[D]�Ys[p~O�DvxRp]r�rw4RDZr�Ùt{ZMz�Y�vxRD��z�t_[DZrwRpZrRD^{|hw�t_w!`SU:z]rRDvyz�^_|B��[DZrw�t_wyz�w
t{ZÔÛ<Zr�ht{Zr��R/~�vxRp·¹Y�µ[8v�º�z�[�·¹[h�hY!^$z��\Y}�\|MZ<Rp·¹t_�!w�[D~�t_Z8z�Y�vxRD�Èz�t{[8Zrw�Y�×�z�Y�Zr�ht_Z\�Ïz��\Y!t{v
wXzxRFz�t_���DvxRp]\�rw�v�Y!]\v�Y!wyY!Z8zxRFz�t_[8ZO`�U¬Z¯z��\t�w�]rRD]<Y!v!ohµY�]\v�[D]�[8w�Y�RpZ/[8v�t_�Dt_ZrRD^�Y�×�z�Y!Zrw�t{[8Z/[p~
�8Rp·¹YEwz��rY�[Dv�|8oMz�[ÙRpZ<Rp^_|�w�Y"z��rY,�\|MZ<Rp·¹t_�!w�[p~�t_Z8z�Y�vxRD��z�t_[DZrw�~�[Dv¶·¹[D^_Y!���\^�Rpv�Z\Y�z¬µ�[Dv�º�w!`

U¬ZÕ¸\t_[D^_[D�8|Do ¾�ö�Äp÷ùøhÁÃúÜÄpÀ�¼pÅÈû�»M¼F½Ù¾ÏÁ�ü\¾xÄFÅÈû �rRDw2¸�Y!Y�ZÕµ¶t_�\Y�^_|Ë�rw�Y!�Ëz�[Ì·¹[h�\Y�^�Y�uD[DV
^{�hz�t_[DZý[p~,]�[8]\�\^_Rpz�t_[DZ(v�Y!w��\^Øz�t_Z\�Ë~�v�[8·ÿþ�Rpv�µ¶t{Zrt_RDZãÛ\z�Z\Y!w�w�� TlRE|�ZrRDv��6å�·¹t{z��Oo ñ������ o
òs[p~�¸<Rp�\Y!vsRpZr�Ïå�t_�D·��rZr�Òo ñ������ o!ä#[�µ�RDº¯RpZr�Ïå�t_�8·��\Zr�Òo ��	�	�
� `��ÔY4�rw�Yb�\Y�v�Y$z��\Y ¿ÈÁPÅ�¼��
Á:¾:»pú��,»M¼F½Ù¾2Á�ü\¾xÄFÅÈû t_ZlRpZ�[D]�Y!v�Rpz�t_Z\�Ùµ�RE|¯z�[}Y�×�]rv�YEw�ws��[D·¹]\^_Y�×6v�Y��8�\^�RFz�[8v�|}]r�\Y�Z\[8·BV
Y�ZrRr`@Í��\YÇ�D[8RD^Òt_w�z�[ÙY�×h]\^�Rpt_Z/z��\Y�wXzxRp¸\t_^_tØzX|¯[D~�]r�\Y�Z\[8·¹Y�ZrRÙ��[8·Bt_Z\�¹~�v�[8·Úv�Y!�D�\^�RFz�[Dv�|
]\v�[\��Y!w�w@µ¶t{z��6·¹R8��v�[8w���[D]\t��sv��\^_Y!w�µ¶�\t����/·ÙR�|¹t��hY!Z8z�t{~�|¯w�[D·¹Y"�8Y�Z\Y�vxRp^<~�Y!Rpz��\v�Y!w�[p~Oz��\Y
¸\t{[8^{[8�Dt���RD^$w�|hwXz�Y�·Ï`Ùò#[�µY!uDY�vEo��hY!RD^{t_Z\�Ïµ¶tØz��Î�8Rp·¹YBz��\Y![Dv�|�t{·¹]\^_t{YEw�z��\Y}�hYEw���v�t_]hz�t_[DZ
[p~b��[8·�¸\t_ZrRFz�t{[8Z6[p~$t_Z8z�Y�vxRD�Èz�t{[8Z6¸�Y�zXµY!Y�Z�RDZM|/RD�DY!Z8z#RpZr�Òor�\Y!Zr��YDo\z��\Y���[D·�¸rt{ZrRpz�[8v�t�Rp^
���\[8t_��Y!w2Ð mn ~�[Dv n RD�DY�ZMz�wsµ¶t{z�� m wyz�vxRFz�Y!�Dt_Y!wxÓ�^_Y!R8�6z�[¯v�Y!�h�<��YÇz��\Y2·B[\�hY�^�z�[/R¹~�Y�µ
ZM�\·�¸�Y!v�[D~SRp�DY!Z8zxw@t_Z¯[8v��hY!v@z�[2¸�Y"z�vxRD�ÈzxRp¸\^_Y#¸�|}��[D·¹]\�hz�Y�vE`$T�[Dv�Y�[FuDY�v!oM�hYERp^_t{Zr��µ¶t{z��
��[D·¹]\^_Y�×ht{zX|6v�Y�^_t_Y!w#RD^_w�[}[DZlRp¸\t_^{t{zX|/z�[}Y�×h�\t{¸rtØz�]\v�[8]�Y�v�z�t_Y!ws[p~bz��\YBw�|�wyz�Y!·Ï`sU¬Z�]rRpv�z�t��ÈV
�\^_RDv!o�µY¹t{Z�uDY!wyz�t_�8Rpz�YB[8Zlz��\YÙ·B[\�h�\^�Rpv�tØzX|�[D~�t{ZMz�Y�vxRD��z�t_[DZrw!`�� ¼p½¹¾�¿ÙÀ�¾�ÁÃÂ@ÄpÅ�Æ ·¹[h�hY�^
Y�×�z�Y!Zr�\wÇz��\Y¯�MRp·¹Y¹z��\Y�[Dv�|Ì¸M|ÔY!·B]r�rRDw�t{Zr�Ïz��\Y¯^{[\��Rp^_t{z¬|Ì[p~�z��\Y¯t_Z8z�Y!v�R8�Èz�t{[8Zrw,t_ZÎz��\Y
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·B[\�hY�^P`�U:z"Y�ZrRD¸\^_Y!ws�rwsz�[¯�\Y!w���v�t_¸�Y�RÙZ\Y�zXµ[Dv�º6RDw#R}w�Y�z#[D~4�h|�ZrRp·¹t���Rp^�^_[h��RD^Ot_Z8z�Y�vxRD�ÈV
z�t_[DZrw@µ¶�\t����}·¹t_�D�8z¸�Y"R8w�w�t{·¹t_^_Rpz�YE�2z�[Ç¸\t_[D^_[D�8t_�!Rp^\·¹[h�h�\^�Rpv@t_Z8z�Y�vxRD�Èz�t{[8Zrw!`�Í��\Y#·¹[h�hY�^
�rRDw�¸�Y�Y!ZÎRp]\]\^_t_Y!�Ì[DZÎR6v�YERp^_t_wyz�t��2¸\t_[D^_[D�Dt���RD^$��R8wyYÏ��z��\YÙ�ÒÉ#wÇw�|hwXz�Y�·�t_·¹]\^{t���Rpz�YE�Ìt{Z
��RpZ<��Y�vs��Y!^{^O·¹t{�8v�Rpz�t_[DZ�� �4v�[Fu�t_�\Y�Zr��Y,RDZr�6òst_�D�8t_Zrw�o ��	�	�
� `

Í��\YB]rRp]�Y!v�t_w�[Dv��8RDZ\t��!Y!��R8w#~�[D^_^{[Fµsw2�#U¬ZÌw�Y!��z�t_[DZ��¯µY2�8t_uDYÇz��\Y¹�hY�ÛrZrtØz�t{[8ZÌ[p~R
�8Rp·¹YEw�Z\Y�zXµ[Dv�ºhw2RpZr�Ëz��\Y/Y��8�rt{^_t{¸rv�t�R\`ÔU¬ZÕwyYE�Èz�t{[8Z 
 o4µY/Y�×h]\^�Rpt_Zó�\[Fµ �MRp·¹Y!w�Z\Y�zyV
µ[Dv�º}�!RpZ6¸�Y,�rw�Y!�/t_ZÏ[Dvx�hY�v�z�[¹·¹[h�hY!^Ow�t{�8ZrRp^_t_Z\�B]rRFz��Mµ�R�|hw�`4å�YE�Èz�t{[8Z��2·¹[Dv�Y��hY!Y�]\^_|
�hY!w���v�t{¸�YEwz��\YÇRp]\]r^{t���Rpz�t_[DZ/z�[¹�ÒÉ"wsw�|�wyz�Y!·Ï`

� � ë�é �,éSï�ëÇè"!

U¬Z/z��\Y,]rRp]�Y!v!ohµY,�rwyY�z��\Y�~�[8^{^_[Fµ¶t{Z\�¹Z\[pzxRFz�t{[8Zrw!�
• [a : b] = {i ∈ Z|a ≤ i ≤ b} �hY�Z\[Dz�YEwR2�ht�w���v�Y�z�Y"t{ZMz�Y!v�upRp^<¸�[8�\Zr�hYE�}¸M| a RDZr� b `
• QOY�z A = [1 : n] oI�Dt_uDY�Z C = {Ci}i∈A o�µY�Z\[Dz�Y CA = ×i∈ACi ` � [8Zrw�t_�hY!v�t_Z\�

X ⊆ A o\µ�Y�Z\[Dz�Y CX = ×i∈XCi RpZ<�¯~�[Dv j ∈ A o C−j = ×i∈A−jCi `
• �ÌY,��[8Zrwyt��hY�vz��\Y�^{t{~Êz�YE�¯uDY!v�w�t_[DZ C #%$'&�( = C + {⊥} µ¶�\Y�v�Y#z��\Y�Y!^{Y!·BY!Z8z*) ÄpÁÃÁ¬ÄF½
�hY�Z\[Dz�YE�/¸M| ⊥ t�w¶R8�\�hY!�¯z�[ C `

•
� [DZr��Y�v�Z\t{Zr��z��\Y@]\v�[DÛr^_Y!wÒ[8vOuDY!��z�[8v�w!o!µY@R8�h[D]hzOz��rYb~�[8^{^_[�µ¶t_Z\�sZ\[pzxRFz�t_[DZ<w�`SW�t_uDY!Z
A = [1 : n] os�8t{uDY!ZýRË]\v�[pÛ<^{Y c ∈ CA [p~ÇRfwyY�z CA = ×i∈ACi osµYlZ\[pz�Y
c−i = (c1, · · · , ci−1, ci+1, · · · , cn) `6Í��rt_wÇY�×\��^{�r�\Y!w,z��\Y ith ��[8·¹]�[DZ\Y�ZMzÇ[D~¶R
]\v�[pÛr^_YD`sÍ�[/�ht_wyz�t_Z\�8�\t_w��\YÇz��\Y ith ��[8·B]�[8Z\Y�ZMz#[p~bz��\Y�]rv�[DÛr^{Y,~�v�[D·�z��rY�[pz��rY�vxw�o
µY�Zr[pz�Y (c−i,

´
i) = (c1, · · · , ci−1,

´
i, ci+1, · · · , cn) `

+ ,-�/.102!3�40�é65 ë,ê879!

Í��\YÌz��\Y![Dv�|Ö[p~��MRp·¹Y!w/Z\Y�zXµ[8v�ºhw¯t�wÏRpZ Y�×�z�Y�Zrw�t_[DZ [p~�z��\YÔ�MRp·¹Y�z��\Y�[8v�|8`�W�RD·¹Y!w
Z\Y�zXµ[Dv�ºhw�·ÙRpºDY�z��rYÇv�Y�]rv�YEwyY!Z8z�Rpz�t_[DZ6[p~ ½ÙÄ�:Føh÷{¼pÅÇúÊÀ<Á:¾�Å�¼���ÁPú�ÄpÀ\¿ ]�[8w�w�t{¸\^_YDo\YERD�x�6[8Z\Y,t_w
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wy�\]r]�[Dv�z�Y!��¸M|�R/w��\¸rw�Y�z�[p~Rp�8Y�Z8zxw�`,Í��\Y¹Rp�DY!Z8zxw#t_ZMuD[8^{uDYE��t_Zl^_[h�!Rp^St_Z8z�Y�vxRD��z�t_[DZrw�Rpv�Y
]rRpv�z�t���t_]rRFz�t_Z\�"z�[�z��\Ysw�Rp·¹Y��8RD·¹YDoptP` YD`Sz��rYsw�RD·¹Y�·B[\�h�\^_YD`$Í��\Y¶]rR�|D[�;Òw$[p~<z��\YsRD�DY!Z8z�w
�hY�ÛrZrYBz��\YÙt{ZMz�Y!v�R8�Èz�t_[DZÌv��\^_Y!w!`BÉsZËRp�DY!Z8z�t�w,w��rRpv�Y!�l¸�Y�zXµY�Y!ZÎwyY!uDY�vxRp^�·¹[h�h�r^{YEw�oO¸r�hz
tØzxwswXz�v�Rpz�Y��8t{YEw�v�Y!·¹RDt{Z<wz��\YÇw�RD·¹Y�µ¶�rRpz�Y!uDY�v�z��\Y,�MRp·¹YD`

U¬Z¹z��\t_ww�Y!�Èz�t{[8ZOo8µY¶ÛrvxwXz@v�Y!��RD^{^rw�[D·¹Y¶Zr[pz�t_[8Zrwb[D~I�MRp·¹Y�z��\Y![Dv�|D`$Í��\Y�ZÙµY#R8�\�hv�Y!w�w
z��\Y}·¹RDt{ZË�hY�Û<Z\tØz�t{[8Zrw,[D~�R6�MRp·¹Y!w�Z\Y�zXµ[8v�ºÌRpZr�Ìz��\YÙZr[pz�t_[DZÎ[p~�Y��M�\t{^_t_¸\v�t_�\· Rpz�z��\Y
w��!Rp^_Y�[D~�Z\Y�zXµ[Dv�º<� þ#Y!^_RD]\^_R8��Y,RpZ<�6T�RpZr��Y�Z�|Do ��	�	�
�� `
=?>A@ BDCFEHGJI�KLG�MONQP

U¬Z¹z��\t_w�wy�\¸<wyYE�Èz�t_[DZ�o8µY#w��\·¹·ÙRpv�t��!Y�z��\Y#·ÙRpt_Z}�hY�ÛrZ\t{z�t_[DZrw@[D~ ¿xÁPÅ�¼FÁ¬¾P»Dú�� � ¼p½¹¾SR�ür¾�ÄpÅÈû
�rwyYE�¹t_Z¹z��rt_w@]rRD]�Y�vE`�Í��\Y!|2·ÙRpt_Z\^_|B��[DZr��Y�v�ZBz��\Y"�hY�ÛrZ\t{z�t_[DZ}[p~Iz��\Y#Z\[Dz�t_[DZÙ[p~ ¿ÈÁPÅy¼pÁ:¾:»Dú��
»8¼p½¹¾ RpZr�UT ¼F¿�ü�¾WV�øhúÊ÷ùú�X�ÅÈúÊøh½ `@Í��\Y�v�Y!R8�hY�v¶��RDZ/v�Y�~�Y�v�z�[Bz��\Y,¸�[�[DºhwY� W�t_¸\¸�[8Zrw�o ñ������ o
T�|DY�vxwy[8ZOo ñ����rñ opä"RDw��Oo ñ�����Z o�[�w�¸�[Dv�Z\YDo ��	�	 � � ~Ê[8v4R���[8·B]r^{Y�z�Y�[FuDY�v�u�t{Y!µó[p~<z��\Y¶�8RD·BY
z��\Y![Dv�|¯RpZr�/t{z�wsRD]\]\^_t_�!RFz�t_[DZ<w�`
\^]`_a]`_ b ±!²�³\± Þdcae ´ c ³gf Þ °
h ÁPÅ�¼FÁ¬¾P»Dú��}»M¼F½Ù¾ t�w¹RÌ·¹[h�hY�^�[D~"t{ZMz�Y�v�]\^�RE|hwBµ¶�\Y�v�Y/YERD�x�ÕRp�8Y�ZMz¹�x�\[�[8w�Y!w2t{z�w¹]\^_RDZÕ[p~
RD�Èz�t{[8ZÏÐ�[8v4wyz�vxRFz�Y��8|hÓS[DZ<��YsRpZr�2~�[Dv@Rp^_^ÃoMRpZr�2z��\YEwyYs�x�\[8t_��Y!wbRDv�Y�·ÙRD�\Y¶w�t_·��\^ØzxRpZ\Y![D�rw�^_|D`
T�[Dv�Y�[FuDY�vEo<YERD�x�ÌRp�8Y�Z8z�t_w�vxRFz�t_[8ZrRp^�RDZr��]�Y!vy~�YE�Èz�^{|�t_Zh~�[Dv�·¹Y!�l[p~4z��\YB]rR�|D[�;Ô~��\Zr��z�t_[DZ
[p~�[Dz��\Y!vsRp�DY!Z8zxw�`bÍ����rw!o�z��\Y�|6Rpt_·ÚRpz¶·ÙRF×ht_·¹t��!t{Zr�2z��\Y�t_vs]rRE|D[�;Iw�µ¶�\t_^_Y�º�Z\[Fµ¶t_Z\�2z��\Y
Y�×h]�Y!��z�RFz�t{[8Z/[D~�[pz��\Y�vsRD�DY�ZMz�w!`
i/ÞkjFl e ± eÜá6l _nmpo á ²�fó³gq á ² b ±�²F³h± Þdcae ´Ur Þks ² Þ ° Þdl ±!³\± eÜá6lut
vxwzy`{}|gy�~W�k�����Q|��S~

Γ
��wL|

3− ����� ~ 〈A,C, u〉 �u� ~}{�~��

• A
��w�|�w}~�y���� ��� |z�g~}{}wL��{L|��Q~}��y`wz�

• C = {Ci}i∈A

��wY|�w}~�y?��Ow�y�{�|Qy�~W����w�~y�w �u� ~}{�~/~�|d� � Ci

��w�|�w}~y2��Ow�y�{�|Qy�~}����~�w
|��z|�� � |�� � ~2�`��{ y � ~�|��Q~}��y i ¡ Ci = {c1

i , · · · , cmi

i }






• u = (ui), i ∈ A
��w¢|��~���y���{¢����� � �£��y`�¤����w �u� ~�{�~�~z|d� � ui : C 7→ R, i ∈ A

��w
y � ~ � |z�g��¥�� � �£��y`�¤������¦y � ~�|�Q~��6y i §

\^]`_a]¤¨ o ³\°�©DªY«£¬ e q e ®�² e ¬8f

T ¼�¿�ü92V�øhúÊ÷Øú�X�ÅÈúÊøh½ t�wRÇ��Y!Z8z�v�RD^<��[8Zr��Y�]\z@[D~Iz��rY�W�Rp·¹Y#Í��rY�[Dv�|6Ðp� ä#R8wy��o ñ�����Z�� Ó�`bÍ��\t_w
Z\[pz�t{[8Z¯�!Rp]hz��\v�YEw4z��rY�wyz�YERD�h|Ùwyz�RFz�Y!w[p~Oz��rY"]\^�R�|B~�[Dv�R�wyz�vxRFz�Y��8t_�s�8RD·BY#t_Z¯µ¶�\t��x�¯Y!R8���
Rp�DY!Z8zs�r[D^��\w¶z��\Y�v�Rpz�t_[DZrRD^ÒY�×h]�YE�Èz�Rpz�t_[DZ�RD¸�[D�hzsz��\Y�[pz��\Y�v#]\^_R�|DY�vxw¶¸�Y��rR�u�t{[8v!`�É¯® øhÅ�¾
T ¼�¿�ü92V�øhúÊ÷Øú�X�ÅÈúÊøh½ Ð s8l�Þ Ó4��[8v�v�Y!w�]�[DZr�\w$z�[�R ¿ÈÁPÅ�¼FÁ¬¾P»Dú���°IÅ�Äp±4÷_¾ c Ð�[8v@uDY!��z�[8vxÓ$µ¶�\Y!v�Y ci

t_w�z��\YÇwyz�vxRFz�Y��8|/²y�x�\[8w�Y�ZQ³"¸�|}z��\Y,]\^�R�|DY�v i `
i/ÞkjFl e ± eÜá6l ¨´mpµ ¬S² Þ o ³\°�©Dª*«£¬ e q e ®�² e ¬8f á6¶ ³ b ±!²�³\± Þdcae ´<·6³gf Þgt
¸ ~y

〈A,C, u〉
�Q~?| wzy`{}|gy�~W�k���F�Q|��S~ ¡ | �@�\v�Y#ä#R8wy�¹�¦�M�\t{^_t_¸\v�t_�\· ��w¦| � {��¹ � ~2���w�y�{�|Qy�~�º

����~�w
c∗ ∈ C � ��y � y � ~ � {�� � ~}{�y���y � |gy»� ∀i ∈ A,∀ci ∈ Ci, ui(c

∗
−i, ci) ≤ ui(c

∗
−i, c

∗
i )

U¬ZÔ[Dz��\Y!v,µ[8v��\w!o ÀIÄl¼�»M¾�À<Á���¼pÀføhÀrúÊ÷{¼pÁ:¾�Å�¼F÷�÷ùû�:D¾�ö!úÜ¼pÁ:¾ÏÄp¼¯¼ sFlSÞ ÂbúÊÁ�ü\ÄFøhÁ :D¾}��Å�¾x¼�¿ÈúÊÀM»
úÊÁÜ¿�°\¼FûDÄA½ `
=?>`¾ BDCFEHG�¿ÁÀÂG£Ã�ÄÅMONgÆ2¿nÀÇMONaE¯CuÈ�É?M�N�E

Í��\Y¯�\Y�ÛrZ\t{z�t_[DZó[p~sR��8RD·¹Y!w,Z\Y�z¬µ�[Dv�ºl·ÙRDt{Z\^_|Î��[DZ<wyt�wXzxw,[D~s�hY�ÛrZrt{Z\�ÌR�wyY�z�[p~sRD�DY!Z8z�w
��[DZrZ\Y!��z�Y!�Bz�[�RÇwyY�z@[p~I�MRp·¹Y!w!`�Í��\YsZ\[8v�·ÙRD^�~�[8v�· [D~ÒR,�8Rp·¹YEwbZ\Y�zXµ[Dv�º�t�w@RDwb~�[D^_^{[Fµsw¶�
i/ÞkjFl e ± eÜá6l \Êm ·6³�f Þ ° o Þ ± à�á ²Ë t
vÌ�d|��S~�w��6~y � ��{»Í���wL| 3− ����� ~ 〈A, C,U〉 �u� ~}{�~

• A
��w�|�w}~y¦��F|��Q~��6y`w���{ ��� |z�g~}{}w §

• C = {Ci}i∈A

��wL|�w�~y¦��8w�~y`w*��8w�y�{�|Qy�~W����~�w §
• U = {〈A, u〉}

��w�|Îw}~�y¦�� �8Rp·¹Y�Zr[h�hY!w �u� ~�{�~ ~�|Q� � A ⊆ A
��w�|Îw�~y¦���u|�Q~��6y�w

|��£Ï
u : A×CA 7→ R

��w?|/w�~yu��� � |z�g�¥"� � �£��y������w?w � � � y � |gy u = {ui : CA 7→

R}i∈A §

�



É �MRp·¹Y!w¶Z\Y�zXµ[8v�º/[�;IY�vxwsRÙw�|�Z8z��\Y�z�t_�,v�Y�]rv�YEwyY!Z8z�Rpz�t_[DZ/z�[}�\Y�ÛrZ\YÇz��\Y2�htÐ;IY�v�Y�ZMz#t_Z8z�Y�v�V
]\^_R�|hw#¸�Y�zXµY�Y!Zlw�Y�uDY!v�RD^O]r^_R�|DY�vxw�`#Í��rY2wyz�v��r�Èz��\v�Y 〈A, u〉 z�[pzxRp^_^{|Ï�\Y�z�Y!v�·¹t_Z\Y!w�R}�8Rp·¹Y
]\^_R�|DY!�6¸�|/RÙw��\¸rw�Y�z#[p~bRp�8Y�Z8zxw¶w�t_Zr��Y,t{z#�rwyY!^{YEw�w�z�[}t{Z<��^_�r�hY,z��\Y�wyz�vxRFz�Y!�Dt_Y!w�µ¶�\t�����Rpv�Y
z��\YÇw�Rp·¹Y�~�[DvsRDZM|¯RD�DY!Z8z¶[p~Sz��\Y,Z\Y�zXµ[8v�ºI`

Éð�MRp·¹Y!wsZ\Y�zXµ[8v�º/t�w#v�Y!]\v�Y!w�Y�Z8z�Y!�Ï¸M|ÏRÙ¸rt{]rRDvyz�tØz�YÇ�8v�RD]\� 〈A,U , E〉, E ⊆ A × U

µ¶�\Y�v�YÙRpZÔY!�\�DY (i, 〈A, u〉) t�w,R6·¹Y�·�¸�Y!v,[D~ E t{~¶RpZr�Ì[8Z\^{|ltØ~ i ∈ A `¯W�v�RD]\�\t���Rp^_^_|Do
Rp�DY!Z8zxw,RDv�YÙv�Y�]\v�Y!w�Y�Z8z�Y!�Ô¸M|Ô��t_vx��^_Y!w!oSRDZr�Ô�MRp·¹Y¹Zr[h�hY!wÇ¸M|Ìv�Y!�ÈzxRpZ\�8^{YEwÙÐÃåhY�YÙÛr�D�rv�Y ñ
~�[DvsRDZ/t_^_^{�<wXz�v�Rpz�t_[DZ<Ó�`
=?>`= BÑÈpMOÒ*CFÈÔÓ�Õ?Ö*×AÈA×pÒ�N�×pC

Í��\Y��hY�ÛrZ\tØz�t_[DZ¯[D~�R��8Rp·¹YEw@Z\Y�zXµ[Dv�º¹RD^{^_[Fµsw4z��\Y���[D·�¸rt{ZrRpz�t_[DZ}[D~�w�Y�uDY!v�RD^r�MRp·¹Y!w@t_Z8z�[
R,wyt_Z\�D^_Y¶Z\Y�zXµ[8v�ºI`�Í��\t�w4]\�hz�w4z��\YsY!·B]r�rRDw�t_wb[8ZBz��\Ysµ�R�|Çz��rRFz4z��rYsZ\Y�zXµ[Dv�º2wXz�v��<�Èz��rv�Y
t_w#�hY�z�Y�v�·¹t{ZrY!�Òor¸�YE��RD�rwyYÇ�ht�;�Y!v�Y!Z8z"wyz�v��r��z��\v�Y!ws��RDZÏ¸�Y,]rv�[8]�[8w�Y!�¯z�[}·B[\�hY�^Oz��\Y�w�Rp·¹Y
wyt{z��rRpz�t_[DZ�`bU¬ZÏ[Dvx�hY!v�z�[Ù��[D·¹]rRpv�Y"z��\Y�·Ïort{zst�w¶Z\Y!��Y!w�w�RDv�|¹z�[Ùt_�hY!Z8z�t{~�|¯z��\Y,Y��8�rt{upRp^_Y�Zr��Y
¸�Y�zXµY�Y!Z��8RD·¹Y!w�Z\Y�z¬µ[8v�ºhw!`SÍ��\YY��8�rt{upRp^_Y�Zr��Y@t_w�¸rRDw�Y!�Ç[DZÇz��\Y�Y��M�\t_^_t{¸\v�t�R\`�U¬Zh~�[8v�·ÙRp^_^_|Do
z¬µ�[Ë�MRp·¹Y!w}Rpv�YÏY��M�\t{upRp^_Y�ZMz}t{~�z��\Y!t{v¯Y��8�rt{^_t{¸rv�t�RËRpv�Y6z��\Ylw�Rp·¹YD`-åh�r��� RË��[8Zr�ht{z�t_[DZ
v�Y��8�rt{v�Y!w�z�[�Y�Z\^�Rpv��DY¹z��rY}Y��M�\t{^_t_¸\v�t{�\· ^_[h��RD^{^_|Ì��[D·¹]\�hz�Y!�Î~�v�[8· �8RD·¹YÙZ\[h�hYEw,z�[�z��\Y
µ¶�\[D^_Ys�MRp·¹Y!w4Z\Y�z¬µ�[Dv�ºI`��r[Dv4z��rRFz�v�YERDw�[DZOoDµ�Y#Y��M�\t_]¹z��\Ysz��\Y�[8v�|Bµ¶tØz��Ùz��\Y Å�¾�¿ÈÁÃÅÈú���ÁÃúÜÄpÀ
ÄW°\¾�Å�¼FÁ¬ÄFÅ µ¶�\t����6RD^_^{[Fµý�rwz�[2~�[h���rw�[DZ6RpZ6Rpv�¸\t{z�vxRpv�|¹wy�r¸/�8RD·BY8`$Í��\Y�Y��M�\t_^{t_¸\v�t{�r·�Rpz
z��\YÇw���RD^{Y�[p~Sz��\Y,Z\Y�zXµ[Dv�º}t�w�ZrRD·¹Y!�¯z��\Y °�øhÅ�¾"»M¼F½Ù¾�¿,À�¾�ÁÃÂ@ÄpÅ�Æ¯¾}V�øhúÊ÷ùú�X�ÅÈúÜ¼ Ð µ · l�Þ ÓÈ`
\^]�\^]`_ r Þ °!±�² e ´D± eÜá6l
i/ÞkjFl e ± eÜá6lÊØ m °!±�²F³h± Þdcrß µ ² áaj q Þ r Þ °!±�² e ´D± eÃáalut
¸ ~y

A = [1 : n]
�Q~"|ÁÏ���w��W{�~�y�~S����y�~�{���| � {�~ � {�~�w}~��6y����Q�n|�w}~�y/���Y|��Q~��6y`w ¡�� ~�y C =

{Ci}i∈A

�Q~ |9w�~y����uwzy`{}|gy�~}���Uw�~y`w §�Ù ���~}��|9w�y�{�|Qy�~W��� � {���¹ � ~ c ∈ C ¡8� ~ÔÏd~�¹g�6~���y`w

Z



{�~�wzy`{»�`��y`�¤����y���|�w � ��w�~y A ⊆ A ¡ Ïd~}�6�Qy�~Ï���� c↓A: C × Ú A 7→ C #%$'&�(�¡ |�w?�`� ��� � � w��

(c↓A)i =











ci t{~ i ∈ A

⊥ [Dz��\Y!v�µ¶t�wyY
Û ~U~}Ü£y�~}�^Ï´y � ~S{�~�w�y�{W����y�����Ê� � ~�{}|gy���{"���´{�~}�S������g�Ê�Q�dyAy���Ý~ � ~}�S~��6y`wÅÞ

⊥ ß ��/y � ~
� {���¹ � ~ ¡ � � y/y � ~��{�Ïd~}{���Yy � ~��Qy � ~}{S��| ��� ~�w ��w9������w�~}{��~�ÏU���Êy � ~�{�~�w ��� y`���Q� � {���¹ � ~ §
Û ~Ô�6�dy�~Sy � ~S���� � ��wA��y�����à��*y � ~Ô{�~��S����| � w�|��£ÏU{�~�wzy`{»�`��y`�¤���Å� � ~}{�|Qy������|�wY�`� ��� � � w��
c ⇓X

ª�áO³gf s q Þ _Çâ ¾�Á A = [1 : 4] ¼pÀ6: c = (c1, c2, c3, c4) ã â ¾�Á A = {1, 3} ä Â@¾Ùü\¼pö�¾
c↓A= (c1,⊥, c3,⊥) ¼FÀ6: c ⇓A= (c1, c3) ã
\^]�\^]¤¨ ·"q á ®�³gq�ªY«£¬ e q e ®S² e ³

É �MRp·¹Y!w"Z\Y�zXµ[Dv�ºÏY��M�\t_^{t_¸\v�t{�r· ��[Dv�v�YEwy]�[DZr�rw¶z�[6R/��[D·¹]rRFz�t_¸\^{YBR8w�w�[h��t�RFz�t{[8Z�[p~@^{[\��Rp^
Y��M�\t_^{t_¸\v�t_Rr`8�ÔYÇRDw�wy�\·¹Y"z��rRFz#Rp�8Y�Z8zxw~�[D^_^_[�µýz��\Y ¿ÈúÊÀ�»p÷{¾2°�÷{¼pûD¾W:}¿ÈÁPÅ�¼FÁ¬¾P»Dû v��\^_YDo�z��rRFzst_w
RpZÏRp�8Y�ZMz�]r^_R�|hwz��\YÇw�Rp·¹Y,wXz�v�Rpz�Y��8|¹~�[Dv¶Y!uDY�v�|¯��[DZ\ZrY!�Èz�Y!�/�MRp·¹Y!w!`
i/ÞkjFl e ± eÜá6lÑå mpµ ¬S² Þ ·6³gf Þ ° o Þ ± à2á ²�Ë´ª*«£¬ e q e ®�² e ¬ f t
¸ ~y

Γ = 〈A, C,U〉
�Q~?|��Q|��S~�wF�6~y � ��{»Í ¡�� ~y c∗ = (c1, · · · , cn)

�Q~?|Ywzy`{}|gy�~}��� � {���¹ � ~
��£~�~}{A��|�g~}��y § c∗

��wO| �F� {�~u�Q|��S~�w8�6~y � ��{»Í�~�æ � � � ����{W� � �H���|*w � ��w�~y U ⊆ U
Þ��6�dy�~�Ï

c∗ ∈
µ · l�Þ

Γ(U) ß ��¥8� ∀〈A, u〉 ∈ U, c∗ ⇓A

��w?| �F� {�~LçY|�w � ~æ � � � ����{W� � �è��Oy � ~2�d|���~
〈A, (Ci)i∈A, u〉 §
=?>�é êDëìG£í2CuEHî*ÈpGÌMOïSðOCuEHG�¿ÁëLG^Ã�Ä�MON�Æ

QOY�zs�rws��[8Zrwyt��hY!v Γ = 〈A, C,U〉 z��\Y,�8RD·BYEw�Z\Y�z¬µ[8v�º}[D~SÛr�D�rv�Y ñ `u�ÌY,�rR�uDYD�
• A = {a1, a2, a3, a4} ohz��\YÇRD�DY�ZMz�w
• Ci = { ñÐò�ñ , ñ%óuñ },∀i ∈ A ohz��rYÇwXz�v�Rpz�Y��8t{YEw�[p~Sz��rYÇRp�DY!Z8zxw

ô



a1

u
1,2 õ%ödõ õ'÷£õõ%ökõ (0, 0) (1, 1)õ'÷£õ (1, 1) (0, 0)

a2

u
2,3 õ%ödõ õ'÷£õõ%ödõ (1, 1) (0, 0)õ'÷£õ (0, 0) (1, 1)

a3

u
3,4 õ%ödõ õ'÷£õõ%ödõ (0, 0) (1, 1)õ'÷£õ (1, 0) (0, 1)

a4

��t{�8�\v�Y ñ �$�b×\Rp·¹]\^_Y,[p~��8RD·¹Y!w�ZrY�zXµ[Dv�º

• U = {〈A1,2, u
1,2〉, 〈A2,3, u

2,3〉, 〈A3,4, u
3,4〉} o�z��\YB�8Rp·¹Y�Zr[h�hY!w"µ¶�\Y!v�Y A1,2 =

{a1, a2} o A2,3 = {a2, a3} o A3,4 = {a3, a4} RpZ<�Îz��\Y/]rR�|D[�;Òw,~��rZr�Èz�t{[8ZrwBRpv�Y
wy�r[�µ¶Z6t_Z/Ûr�8�\v�Y ñ `

Í�[Ù��[D·¹]\�hz�Y�z��\Y µ · lSÞ [p~ Γ o\^_Y�zs�rws��[8·B]\�\z�Y�z��\Y sFlSÞ [D~�Y!RD�x�Ïwy�r¸hVP�MRp·¹YD�
sFlSÞ

1,2 =
s8l�Þ

(〈A1,2, u
1,2〉) =

{

( ñ�ò�ñ , ñÐóuñ ) ; ( ñ%óuñ , ñÐò�ñ )}
sFlSÞ

2,3 =
s8l�Þ

(〈A2,3, u
2,3〉) =

{

( ñ�ò�ñ , ñ�ò�ñ ) ; ( ñ%óuñ , ñÐóFñ )}
sFlSÞ

2,3 =
s8l�Þ

(〈A3,4, u
3,4〉) =

{

( ñ�ò�ñ , ñÐóuñ )}
Í����rw�o\µYÇ��RDZ6��[D·¹]\�hz�Y�z��\Y µ · lSÞ [p~ Γ � µ · l�Þ Γ =

{

( ñ%óuñ , ñ�ò6ñ , ñ�ò�ñ , ñ%óuñ )}

ø ù 0�é8ú/ë¢û�ë¢ü ýÿþFë,ê��6ï�ë¢û�ë¢üÇï�î¦�¢ûÁ�����"û�ï�î¦��é�ï�ëÇè"!

U¬Z}z��\t�w�wyYE�Èz�t{[8Z¯µY��hYEw���v�t_¸�Y"Y!R8���/��[8·¹]�[DZ\Y!Z8z�[D~Oz��rY��8Rp·¹Y"Z\Y�zXµ[8v�ºBz��\Y�[8v�|ÙRDZr�}µ�Y
]\^_R8��Yz��\Y!·ðt_Z2¸\t_[D^_[D�Dt���RD^M��[DZ8z�Y�×�z!`$T�[Dv�Y�wy]�YE��t{Û<��RD^{^_|DoFµ�Y��hY!w���v�t{¸�Yz��\Y�·¹Y�z��\[h�h[D^_[8�D|
t{Z6z��\YÇ��[DZMz�Y�×�zs[p~$w�t{�8ZrRp^_t{Zr�B]rRFz��Mµ�R�|hw�`

åh�x�\Y�·ÙRpz�t���Rp^_^_|DoSRp�DY!Z8z�w�v�Y�]\v�Y!w�Y�Z8z,¸\t{[8^_[D�Dt���RD^�[8¸��XYE�Èz�w,µ¶�\t����Î�!RpZÔ¸�Y¹Y!tØz��\Y�v,]rv�[DV
z�Y�t_Zrw!o¶·¹Y�zxRp¸�[D^_t{z�Y!w}[8v}·¹[D^_Y!���r^{YEw�`-Í��rY�Z\Y�zXµ[8v�ºã�hY!w���v�t_¸�Y!w¹z��\Ylwyz�v��r��z��\v�Y�[D~�z��\Y
t{ZMz�Y�vxRD��z�t_[DZrw�¸�Y�zXµY�Y!Z/z��\Y!w�Y�¸\t_[D^_[8�Dt���Rp^ÒRp�8Y�Z8zxw�`bÍ��\YÇwXz�v�Rpz�Y!�Dt_Y!w�v�Y!]\v�YEwyY!Z8z�z��\YÇ�x�rRpv�V
RD�Èz�Y�v�t_wyz�t��"wyz�RFz�Y!w�[p~�RpZ/RD�DY!Z8z�µ¶�\t��x�6��[Dv�v�Y!wy]�[DZ<�Bz�[�z��\Y�v�Y�^_Y�upRpZMz���[DZhÛ<�D�\vxRFz�t{[8Zrw4~Ê[8v
z��\Ylwyz��r�\t{YE�Öw�|hwXz�Y�·Ï`ôÍ��\Y�^_R8wXz}]<RpvxRp·¹Y�z�Y�vÙ[p~��MRp·¹Y!wÙZ\Y�zXµ[Dv�ºft_wÙz��\Y�]rR�|D[�;$` U:z
·B[\�hY�^�w�z��rYÇ�h|�ZrRp·¹t���w�[p~Sz��\YÇ��[8Zrwyt��hY!v�YE�¯t{ZMz�Y!v�R8�Èz�t_[DZ<w�`

�



És~Êz�Y�vst_Z8z�v�[h�\�r��t_Z\�Bz��\Y!w�Y�z�Y�v�·Ùw�µY�µ¶t_^{^O�Dt_uDY�·¹[8v�Y��\Y�z�RDt{^�w�t_Z/z��\Y,�!RDw�Y�[p~$w�t{�8ZrRp^
z�vxRpZrw��h�r��z�t_[DZ6Z\Y�zXµ[Dv�ºI`
éL>A@ êÊðOG�ë¦Ãg¿àCuë�� ÀÇG^Ã�Ä�MONgÆ

�ÌY#zxRpºDY"RÇ]rRDvyz�t_���\^�Rpv@t_Z8z�Y!v�YEwXz�t{Z/RDZÙY�×\Rp·¹]\^_Y#[p~�w�t{�8ZrRp^rz�vxRpZrw��h�r��z�t_[DZ}Z\Y�zXµ[8v�º¹��[DZhV
��Y�v�Z\t_Z\�sz��\Y���RpZ<��Y�v�[D�rwS��Y!^{^�wS·¹t{�8v�Rpz�t_[DZ�`OU¬ZÇz��\t�wS·¹[h�hY!^ÃopRD�DY!Z8z�w�Rpv�Y@·¹[Dv�Ywy]�YE��t{Û<��RD^{^_|
·B[8^{YE���\^_Y!w2RpZr�ó��[8·B]\^_Y�×hYEw�`�Í��\Y¯Z\Y�z¬µ[8v�ºÎ�hY!w���v�t{¸�YEw,z��\Y¯~Ê[8v�·ÙRpz�t_[DZË[p~s��[D·¹]\^_Y�×hY!w
RpZr�,z��rYv�Y��8�\^_Rpz�t_[DZÇ]\�\Y�Z\[8·¹Y�Z\[8ZÇµ¶�\t��x��[h�!���\vSt_ZÇz��\Y�wXz��r�ht_Y!��w�t_�DZrRD^{t�w�Rpz�t_[DZ,]\v�[h��YEw�w!`
éL>`¾ 	¦ÃQNgC8ÃQG^ð�×AG�¿àCFë
���UC£P�M�

�ÌY"·��<wXz���[DZrw�t_�\Y�v4z��\Y!w�Y#z¬µ�[�]rRpvxRp·¹Y�z�Y�vxwbz�[8�DY�z��\Y�v¸�Y!�!Rp�rw�Ysz��\Y"]rR�|D[�;���[Dv�v�Y!wy]�[DZ<�
z�[ãRfZM�\·¹Y�v�t���Rp^�v�Y!w��\^{z6R8w�w�[h��t_RFz�Y!�ãz�[ÕY!RD�x� ��[DZhÛr�8�\vxRFz�t_[DZ([D~2wXz�v�Rpz�Y��8t{YEw�` ò#Y�Zr��YDo
µY6·��rwyz¹¸�YÏRp¸r^{Y/z�[Î��[8·¹]\�hz�Y/z��\YÏ]rRE|D[�;ã~�[8v¹w�tØz��rRFz�t{[8Zrw2µ¶�rt_�x�ã��[8v�v�Y!w�]�[DZr�Îz�[ÎR
��[D·�¸rt{ZrRpz�t_[DZ�[D~�wXz�v�Rpz�Y��8t{YEw�`�U¬Z�z��rY�·¹[h�hY!^ÃoDR���[DZ\Ûr�D�\vxRFz�t{[8ZÇ[p~�wXz�v�Rpz�Y!�Dt_Y!w�Y!·�¸�[h�ht_Y!w$R
���rRDv�R8�Èz�Y�v�t_wyz�t��¶wyt{z��rRpz�t_[DZO`$U¬Z¹z��\t�w��[8Z8z�Y�×�z!o8z��\Y"��[D·¹]\�hzxRFz�t{[8ZÙ[p~Òz��\Y#]rR�|D[�;Òw@��[DZrw�t_wyz�w
t{ZÕR8w�w�Y�·�¸\^_t_Z\�ÌRlwyY�zB[p~sY�×h]�Y�v�t{·¹Y�ZMz�RD^v�Y!wy�r^Øzxw�obµ¶�\Y!v�Y¯YERD�x�ó[DZ\Y6��[8v�v�Y!w�]�[DZr�\w,z�[ÔR
¸\t{[8^{[8�Dt���RD^Iw�t{z��rRpz�t_[DZO`

õ�RDw�t���Rp^_^_|Do�RD�!��[Dvx�ht_Z\�Ìz�[Îz��\Y�¸rt{[8^{[8�Dt���RD^�Y�×h]�Y�v�t_·BY!Z8zxw�o�µYÏ~�[8�\Zr�ãz¬µ[Ëµ�RE|hwBz�[
��[D·¹]\�\z�Y,z��\YÇ]rR�|D[�;Iw,� Á�ü\¾�»M¼p½¹¾Î�xÄ�:FúÊÀ�»Y¼xøhÀ���ÁÃúÜÄFÀË¼W°�°IÅ�Ä!¼���ü Ð���kaòÌÓ¶RDZr� ÁÊür¾�Å�¾:»pøQ�
÷{¼FÁ¬ÄFÅÈû/¼W°�°�Å�Ä!¼��xü ÐÃd����ÖÓÈ`
� © Þ������ ³ s8s ² á ³\´© t_w$�<wyYE�Çz�[�Y�Zr��[h�hY�R"~��\Zr��z�t_[DZ¹t{Z¹R��8RD·BY8`�U¬Z2z��\t�wbRD]\]\v�[8RD�x�Oo
wy[8·BYsRp�DY!Z8zxwb��[Dv�v�YEwy]�[DZ<�,z�[,RDv��8�\·¹Y�Z8zxwbRpZr�B[DZ\YsRp�DY!Z8z4��[Dv�v�YEwy]�[DZr�\wSz�[�z��\Ysw�[D^_�hz�t_[DZ
[p~Sz��\t_w�~��rZr�Èz�t_[8ZO`

W�t_uDY�Z�R}wXz�v�Rpz�Y��8t����8RD·¹Y 〈A,C, u〉 RpZr��RB~��rZr�Èz�t{[8Z f : C1 × · · · × Cn−1 7→ Cn o
^{Y�z@�rw��[DZrw�t��hY�vbz��rRFz@z��\Y nth RD�DY�ZMz�� w4wyz�vxRFz�Y��Dt_Y!w4��[Dv�v�Y!w�]�[DZr��z�[,z��\Ysv�Y!w��\^{z4[D~ f `$Í��\Y

�



(cx, cy, cz) ux uy uz����� � �
α

001 0 0 0��_�� � �
α

011 0 0 0_���� � �
α

101 0 0 0
110 0 0 0_6_6_ � �

α

X Y

Z

∧

��t_�D�\v�Y � � � [8·B]r^{Y�×hRpz�t_[DZ/]rR�|D[�;�z�Rp¸r^{Y

]rRE|D[�;�[p~Sz��\Y,�8RD·¹Y�t�w¶�hY�ÛrZ\Y!�ÏR8����[8v��\t{Z\�2z�[Bz��\Y���kaò�tØ~bRpZ<�/[DZ\^_|}t{~��

∀ai ∈ A − {an}, ui(c) = 0 ∧ un(c−n, cn) =











α t{~ cn = f(c−n)

0 [Dz��\Y!v�µ¶t�w�Y , α > 0

õ�|/�<wyt_Z\�Ùz��\Y�v��\^_YDo<µY2��RDZÏZr[pz�t���YÇz��rRpz#z��\Y2w�Y�z"[p~4ä#R8wy��Y��M�\t{^_t_¸\v�t�R}��[Dv�v�Y!wy]�[DZ<�
z�[ (c−n, f(c−n)) ohz��rRFzst�w�z��\YÇwyY�z¶[D~�t{·ÙRp�8Y�¸�| f `

Í��\Y ��k6òÌRp]\]\v�[8R8���Ït�w#�rw�Y!�Ïz�[/�hYEw���v�t_¸�Y���[D·¹]\^_Y�×6~�[Dv�·ÙRFz�t_[DZ�`#W�t_uDY�Z�z¬µ�[/��[D·BV
]\^{Y�×hY!w X RDZr� Y µ¶�rt_�x�Öt_Z8z�Y�vxRD�ÈzÙz�[D�DY�z��\Y!v¹z�[Î~�[8v�·ÿRpZ\[Dz��\Y!v}��[8·B]r^{Y�× Z ` U:~�µY
��[DZ<wyt��hY�v,z��rRFz�[8Z\^_|�zXµ[lwXz�v�Rpz�Y!�Dt_Y!w {0, 1} Y�×ht�wXz�µ¶�\t����Ëv�Y!w�]�Y!��z�t_uDY�^_|lv�Y!]\v�Y!w�Y�Z8z,z��\Y
Rp¸rw�Y�Zr��Y�RDZr�¯z��\Y,]\v�YEwyY!Zr��Y�[p~Sz��\YÇ��[8·B]r^{Y�×�YEwz��\Y�Z6z��\Y�~��\Zr��z�t_[DZÏt�w¶RB^_[D�8t_�!Rp^Ò��mO�4`

�ÔY��rR�uDY � ��[8ZhÛr�D�\vxRFz�t{[8Zrw�z�[,��[DZrw�t_�hY!v!`�Í��\Y�]rR�|D[�;}[p~<z��\YsRp�8Y�Z8z Z t�w α, (α > 0)

µ¶�\Y�Z cx ∧ cy = cz `6U¬ZÎz��\t�w��!RDw�YDo�z��\Y¯ä"RDw��ÎY��8�rt{^_t{¸rv�t�R���[8v�v�Y!w�]�[DZr�lz�[�¸rt{[8^{[8�Dt���Rp^
wyt{z��rRpz�t_[DZ<w�µ¶�\Y�v�Y�z��\Y���[D·¹]\^_Y�×/t_w�~�[Dv�·¹Y!�/t_ZÏ]\v�YEwyY!Zr��Y�[p~$¸�[pz��Ïv�YERD��z�RpZMz�w�[DvsRp¸rw�Y�ZMz
tØ~4[DZ\YÇ[p~$z��\Y�v�YERD��z�RpZMz�w¶t�ws·Bt�w�wyYE�Ò`L[#z��\Y�v"wyt{z��<RFz�t_[DZ<wsRpv�Y,Z\[pz"ä"RDw��ÏY��M�\t{^_t_¸\v�Rr`�Í��\Y
��[Dv�v�Y!w�]�[DZr�ht_Z\��]rR�|D[�;Òw�RDv�Y"^_t_wyz�YE�¯t_Z¯Ûr�8�\v�Y � RpZr�/ä"RDw��¯Y��M�\t{^_t_¸\v�t�R�µ¶v�t{zyz�Y�Z/t_Z/¸�[8^_�Ò`
!�l ±�© Þ#"%$&� ³ s s ² á ³\´�© z��\Y/]rR�|D[�;Õ~��\Zr��z�t_[DZft�w2·¹[DZ\[Dz�[DZr[D�rwÇz�[lz��\Y6·BYERDw��\v�Y�V
·BY!Z8zxw¶�Dt_uDY�Z6¸M|¯Y�×�]�Y!v�t_·¹Y�Z8zxw¶RpZ<�6�hY�ÛrZrY!�6t{Z6z��rYÇwy]rR8��Y�]\�rRDw�YD`

W�t_uDY�ZóR��MRp·¹Y 〈A,C, u〉 o$µ�Y¯RDw�w��\·¹Y¹z��<RFz�z��\Y¯[8¸rwyY!v�uDYE�Ì·¹YERDw��\v�Y¯��RpZË¸�Y/�hY�V
ñ�	



w���v�t_¸�Y!�/¸M|/R¹wyY�z¶[p~S~��\Zr��z�t_[DZrw fi : CA−i 7→ Ci o\µ¶�\t������hY�ÛrZ\YEw�z��\Y,Y�uD[8^{�hz�t_[DZ/[D~�z��\Y
[D¸rw�Y�v�uDY!�¯·¹Y!R8wy�\v�Y�RDw�w�[h��t�RFz�YE�Ùz�[Bz��rY,RD�DY!Z8z ai o\R¹��[DZr��Y�ZMz�vxRFz�t_[DZ¯~�[8v¶t{Zrwyz�RDZr��Y8`bÍ��\Y
]rRE|D[�;�~��\Zr��z�t_[DZ6~��\^{Ûr^_^_w¶z��\Y�~�[8^{^_[�µ¶t_Z\�¹]\v�[8]�Y�v�z¬|��

∀ai ∈ A,∀c, c′ ∈ C2, fi(c) ≤ fi(c
′) ⇒ ui(c) ≤ ui(c

′)

Í��\Y�·¹[8Z\[pz�[DZM|Õt_w}�rw�Y!�ãz�[Ë·¹[h�hY!^sz��\Ylv�Y!�D�\^�RFz�[Dv�|Ët_Z8z�Y�vxRD��z�t_[DZÖt_ZýRÎZ\Y�z¬µ[8v�ºI`
Í��\t_w�R8wy]�YE�Èz"µ¶t_^_^�¸�Y2·¹[Dv�Y��\Y�z�RDt{^�t_ZÌw�Y!�Èz�t{[8Z��}�hY!uD[pz�Y!�Ïz�[}z��\YBRD]\]\^_t_�!RFz�t_[8ZÏz�[¯�ÒÉ"w
Ð��4^�RDw�·¹t{Zr[D�DY!Z6É¶�Èz�t{upRFz�[Dvswy|hwyz�Y�·}Ó�`

' ()���"û�ï�î¦��é�ï�ëÇè éSë+*,( !

U¬ZËz��\t�wBwyYE�Èz�t_[8ZOo$µ�Y¯·¹[h�hY!^�Rl]\v�[\��Y!w�wÇ[p~"wyt_�DZrRD^4z�vxRpZrw��h�r�Èz�t{[8Zót{·¹]\^_t{YE�ót{Zóz��\Y/·¹tØV
�DvxRFz�t_[8Zf[p~,��RpZr��Y�v�[D�rw¹��Y!^{^�w!`Ê�ÔY�µ�RpZMz¹z�[ÎY�upRp^_�rRFz�Y/z��\Y<�M�rRp^_tØzxRFz�t{uDY��h|�ZrRD·Bt���wÙ[p~
z��\Y,]\v�[h��YEw�w!` � RpZr��Y�v�[D�rw���Y�^_^�w¶��RpZ6·¹t{�8v�Rpz�Y"~�v�[8·ÚR2z�t�w�w��\Y�z�[¹RDZ\[pz��\Y�v�z�[¹]\v�[D]rRD�8RFz�Y
z��\Y�]rRFz��\[D^_[D�8|D`Í��\YÇ]\v�[h��YEw�w¶�!RpZÏ¸�YÇv�Y��MRpvx�hY!�6RDw�z��\YÇv�Y!w�]�[DZrw�Y�z�[¯R¹]\v�[D·¹t_�DvxRFz�[8v�|
wyt_�DZrRD^Ã`¶Í��\Y,z�v�RDZrw��\�r�Èz�t{[8ZÏ[p~$z��rt_w"w�t{�8ZrRp^�t_wsz��\Y�·¹[h�hY!^�µY�RDv�Y,t_Z8z�Y�v�Y!wyz�YE�Ït{ZO`¶U:~bµ�Y
·B[\�hY�^\z��\t�w4]\v�[\��Y!w�wbRpZr�Bt{~IµY#��RpZÙ�hY�z�Y�v�·¹t{Z\YstØzxw4�\|MZ<Rp·¹t_�!w�oDµ�Y¶µ¶t{^_^r¸�YsRp¸r^{Y�z�[,]\^_RDZ
z��\YB��Y!^{^_�\^�Rpv#·¹t_�DvxRFz�t{[8ZO`¶U¬Z�z��rYÇÛrvxwXz"]rRDvyz"[p~bz��rt_w�wyYE�Èz�t_[DZ�µY2�hYEw���v�t_¸�Y,z��\Y2��Y�^_^S·¹tØV
�DvxRFz�t_[8Z¯]rv�[h��Y!w�w�RDZr�/µY,t_Z8z�v�[\�h�r��Y�z��\YÇ·¹Y!���<RpZ\t�wy·�[p~Sz��\Y,�@^_R8wy·¹t_Z\[D�8Y�ZÏÉ���z�t_uFRpz�[Dv
wy|hwyz�Y�· Ð��ÒÉ"w�Ó�`@Í��\Y�Z�o\µY,RD]\]\^_|Ùz��\Y,�8RD·BYEw�Z\Y�z¬µ[8v�º}·¹[h�\Y�^_t{Z\�¹t_Z/z��\Y,]\v�[h��YEw�w!`
-?>A@ .�G�È»ÈAÖ*ÈpC8N E ×pð�NgC8ÃQ×pM�ëèCFë
�ìÃgKLG/�Îê ¿�PL¿�ÃQG�E 0���êD¿21

Í��\Y���Y�^_^{�\^�Rpv�·¹t{�8v�Rpz�t_[DZÇt_w$R"��[D·¹]\^_Y�×,]rv�[h��Y!w�w�`�U:z$�!RpZ�¸�Y��hYEw���v�t_¸�Y!�Ç^{t_ºDY�R"w��r����Y!w�w�t_[DZ
[p~hwyz�RD�DY!w!�ÒRD�h�\YEwyt_[DZ�o!��[DZMz�vxRD�Èz�t{[8ZOoE�hY�V¬RD�h�\YEwyt_[DZ�� Q�RD�Q;�Y!ZM¸\�\v��DY!v¶RDZr�6òs[8v�µ¶t{z»�8o ñ�����Z�� `
�ÌYÇRDv�Y�t{ZMz�Y�v�Y!wyz�t_Z\�¹[8Z¯z��\Y,�ÒÉ#w#wy|hwyz�Y!·�µ¶�\t����Ï]rRDvyz�t_��t{]<RFz�YEwz�[Bz��rY,Y!wyz�Rp¸r^{t�wy�rY�·¹Y�ZMz
[p~�R#·¹[D^_Y!���\^�Rpv�¸\v�t_�h�8Y¸�Y�zXµY!Y�Z�z��\Y���Y�^_^hRpZr�Çz��\Y�Y�×Mz�v�RpV:��Y�^_^{�r^_RDv�·ÙRFz�v�t{×Ò`SÍ��rt_w�¸rv�t��h�DY
^{YERD�\w�z�[6z��\Y¹·¹t_�DvxRFz�t{[8Zl[p~@z��\YÙ��Y!^{^L� � �rR��!RD�r�¯Y�zsRD^Ã`_o ��	�	k��� `2�ÒÉ"w,w�|hwXz�Y�·�t�w,��[D·BV
]�[8w�Y!��[D~@R¯]\v�[Dz�YERDw�YÇ�\�ÒÉ ÐÜ�\v�[8º�t{ZrR8wyY��4^_R8wy·¹t_Z\[D�8Y�ZlÉ¶�Èz�t_uFRpz�[8vxÓ�oIR¯v�YE��Y�]hz�[Dv"�\�ÒÉ
3
Ð43¶YE��Y�]\z�[Dv�[p~@�\v�[8º�t{Z<RDw�YEÓ¶RpZ<��R¯w�]�Y!��tØÛ<��t_Z\�\t_¸\tØz�[Dv��ÒÉsU:V ñ Ð��4^�R8wy·¹t_Z\[D�8Y�ZlÉ���z�t_uFRpz�[Dv
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K3 K4 U K5

8:9�;=<
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c3

��t{�8�\v�Y��r�bäsY�z¬µ�[Dv�º}[p~Sz�v�RDZrw��h�<�Èz�t_[DZ6[p~��ÒÉ#U:V ñ

U¬Z\�\t_¸\tØz�[Dv�V ñ Ó�� �4v�[�u�t��hY�Z<��Y�RpZr�6ò#t{�8�Dt_Zrw!o ��	�	�
� ` Í��\YÌwyY��M�\Y�Zr��Y�[p~,t_Z8z�Y�vxRD��z�t_[DZrw}t_·2V
]\^{t_Y!�ót_ZËz��\Y/]\v�[D·¹t{�8v�Rpz�[Dv�|Ì]\v�[h��Y!w�wÇt_wBRDwÇ~�[8^{^_[�µsw!�¹�ÒÉsU:V ñ �!RpZó¸\^_t{Zr�Ëz�[TS"ä ÐÜÍ��\Y
uMt{z�v�[8Z\Y!�Èz�t_Z\YDo8R�]\v�[pz�Y�t_ZB[D~�z��\YsY�×Mz�v�R,��Y�^_^_�\^_RDv4·¹Rpz�v�tØ×rÓ�µ¶�\t��x�¹·ÙRpºDYEwbwyz�RD¸\^_Y�z��\Y#RD��z�t{V
uFRFz�Y!��~�[Dv�·ô[p~h�ÒÉsU:V ñ `F["Zr��Yb�ÒÉ#U:V ñ R8�Èz�t_uFRpz�YE�Òo!t{zS��^{t_Z\�MwIz�[#R¶��[8·¹]\^{Y�×"~�[Dv�·¹Y!��¸�|"�\�ÒÉ
RpZr�6�\�ÒÉ�3,`�Í��\YÇ��[8·B]r^{Y�×¯t�w¶t{ZMz�Y!v�ZrRD^{t���YE�/¸M|6RBv�Y!��Y!]hz�[8v α

� TÏV¬Q63¶� ÐÃQO[Fµ�V:�hY!Zrwyt{zX|
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